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Neutrino Optics 

David C. Carey 
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Batavia, Illinois 60510 U.S.A. 

Abstract 

Neutrinos are produced by the in-flight decay of K and K mesons. Neutrinos are uncharged 
and cannot be focused directly. However, the transverse momentum of the neutrino due to 
the decay is typically much smaller than the transverse momentum spread of the parent 
meson. The focusing of the meson beam will then significantly enhance the neutrino flux at 
a distant detector. 

Neutrino beams can effectively be focused in the same manner as other charged particle 
beams, by means of quadrupoles and bending magnets. The bending magnets also can 
serve to define the momentum of the neutrino beams. Alternatively, neutrino beams can be 
focused by the use of magnetic horns. Both systems are described here. 

Proposed experiments with neutrinos to detect neutrino oscillations place the detector 
hundreds of kilometers away from the source. The flux of neutrinos through the detector then 
becomes very small. The calculation of the flux by conventional Monte Carlo or numerical 
integration techniques becomes prohibitively difficult. A alternate mathematical technique 
can be used to give results which are reliable to about 10 % 

The Production of Neutrinos 

Neutrinos are produced by the in-flight decay of ?r and K mesons. Figure 1 is a schematic 
diagram of a neutrino facility. 

At Fermilab, the proton beam is extracted from the accelerator, split into several smaller 
beams, and transported out to the experimental areas. One of these areas is the neutrino 
laboratory, where experiments using neutrinos are performed. 

There the proton beam strikes a 30 cm beryllium oxide target. As the protons pass 
through the target, they suffer collisions with the nuclei of the atoms of the target, creating 
showers of mesons and other particles. The mesons then enter an evacuated pipe one meter 
in diameter and 400 meters long. As the mesons travel down this cylindrical cavity, they 
decay, producing muons and neutrinos. 

Actually r+ and K+ mesons produce antimuons and neutrinos, and r- and K- mesons 
produce muons and antineutrinos. For pions the branching ratio to the two body mode 
including a neutrino is essentially 100 % For kaons it is 63.5 % The characteristic length 
for the decay is 56 meters per GeV for pions and 7.5 meters per GeV for kaons. For a 
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given meson momentum, the neutrinos are uniformly distributed in energy from zero to a 
maximum of TP where p is the meson momentum. The coefficient T is given in terms of the 
mass of the meson m and that of the muon p, by 

For pions the value of T is .427, while for kaons it is .954. 

At the end of the pipe is the beginning of an earth berm one kilometer long. The function 
of the berm is to eliminate all the particles except for the neutrinos. The mesons, neutrons, 
protons and their antiparticles will suffer nuclear collisions and be absorbed in the first few 
meters of the berm. Muons do not experience the strong interaction, and therefore lose 
energy gradually through various electromagnetic interactions. 

The length of the Fermilab berm was designed to stop muons with a maximum energy 
of 200 GeV. Since the accelerator now regularly goes to 800 or 900 GeV, the berm has had 
to be hardened to the muons by the insertion of 20 meters of lead and 140 meters of steel 
shielding. 

Neutrinos experience neither the strong nuclear interaction nor the electromagnetic inter- 
action, but instead interact only by the weak nuclear interaction (the interaction responsible 
for nuclear beta decay). The neutrino beam will therefore emerge essentially undimished 
from the back end of the berm. The only contamination will be a small number of muons 
created by occasional neutrino interactions in the last few meters of the berm. 

The Need for Focusing 

Since neutrinos interact only weakly, the fraction of neutrinos that suffer an interaction 
in the experimental apparatus will be small, even for the most massive of detectors. It is to 
the experimenter’s advantage then to enhance the flux of neutrinos through the detector as 
much as possible. 

The length of the decay pipe has been optimized so that as it is further lengthened 
the advantage of gaining more decay space is mostly compensated by moving the detector 
farther away from the decays occurring in the first part of the pipe. The length of the berm 
is dictated by economics. Originally it was entirely composed of earth. As the energy of the 
accelerator was upgraded, the berm was hardened by the insertion of lead and steel. 

A third possibility is to target as many protons as possible in the neutrino beam. This 
practice is what is usually done. The neutrino beam is usually a proton hog in any accelerator 
complex of experimental areas. 

The final possibility is to do some kind of focusing, so as to concentrate the existing flux 
of neutrinos on the detector. The focusing of a neutrino beam has two obvious difficulties: 

1. Neutrinos are uncharged and do not experience electromagnetic interactions. There is 
no practical means of focusing them directly. 
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2. The neutrino makes a nonzero angle from the original meson direction. The azimuthal 
angle is randomly distributed about the meson direction. We must be certain that the 
effect of the decay angle is not to wash out any focusing effect. 

The angle between the original meson direction and the neutrino direction is labelled -$ 
and is given in terms of the meson momentum p and mass m and the neutrino energy E, by 

I 

The angle C$ is shown in figure 2. Holding fixed the neutrino energy, we can consider the 
angle 4 as a function of meson momentum. The threshold or minimum meson momentum p 
necessary to produce a neutrino of energy E, is equal to E"/T. Below that momentum, the 
angle 4 is undefined. The maximum angle occurs at p = 2E,/r and is given by: 

The maximum neutrino transverse momentum from the decay is 30 MeV for pions and 236 
MeV for kaons. Most of the useful neutrino flux, as we shall see, comes from decay angles 
which are somewhat smaller. 

The transverse momentum distributions of the pions and kaons produced by 100 GeV 
protons are shown in figure 3 [l]. The longitudinal momentum distributions for 175 GeV 
incident protons are shown in figure 4. The incident energies of the protons are different in the 
two graphs since reference [l] d’d 1 not have a graph showing the transverse distribution for 175 
GeV incident protons. For the purpose for which we are using these graphs the difference 
in incident proton energy is unimportant. We will refer to the transverse distributions 
immediately below. We will need to consider thee longitudinal distributions a little later in 
the discussion. 

The transverse momentum dependence of the differential cross section for the production 
of mesons is rather insensitive to the energy of the incoming particle. Most of the dependence 
comes at transverse momenta far above any shown in figure 3, and can be interpreted as a 
phase space effect due to the approach to the kinematic boundary. Any conclusions we draw 
from figure 3 will then be likely to be valid for higher energy protons as well. 

The mean value of the transverse momentum of the proton-produced mesons tends to be 
about 0.4 GeV/c. This value is over ten times the maximum transverse momentum acquired 
by the neutrino due to the pion decay process. It is also about twice that for the kaon- 
produced neutrinos. The ratios would be several times larger if the average decay angles 
were used instead of the maxima. 

The spread in direction of the neutrino trajectories has a much greater contribution 
from the spread in meson direction than from the change in direction due to the decay 
kinematics. It is therefore to our advantage to focus the mesons. The flux of neutrinos 
through the particle detector will then be enhanced. 
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The situation is still different from that of a stable particle beam. It is not completely 
obvious that the most desirable thing to do is to point the meson trajectories directly at the 
detector. For a given neutrino energy Ev, the variation of the decay angle 4 with meson 
momentum p is most rapid at threshold. If the meson trajectory is directed at the center of 
the detector, the neutrino cone at the detector position may quickly grow large enough so 
that it is totally outside the detector. It might be better to point the mesons a slight distance 
away from the detector, so that, as the decay cone grows, it sweeps across the detector at a 
meson momentum where the decay angle 4 is varying more slowly. 

To evaluate this question, let us consider a detector area sufficiently small so that we can 
make linear approximations in evaluating the neutrino flux through it. We need consider 
only two cases 

1. The projected meson trajectory points at the very center of the detector 

2. The projected meson trajectory lies outside of the detector. 

The other obvious case, where the projected meson trajectory lies inside the detector but 
is not at its center can easily be eliminated by making the detector smaller. Then the 
projected meson trajectory can be made to lie outside the detector. The number we shall 
evaluate, which we shall call AF, is the fraction of the neutrino cone which strikes the 
detector integrated over momentum. We consider the meson direction to be held constant, 
while the momentum is increased. If the area of the detector is AA, then for the projected 
meson trajectory at the center of the detector, we have. 

If the meson trajectory is pointed outside of the detector, this expression becomes 

(4) 

We can see that this expression reduces to the one in equation (3) when the meson momentum 
is just at threshold, which is what occurs when the meson trajectory points at the center of 
the trajectory. There is no great advantage on the basis of geometry of favoring an exact 
hit over a near miss. It is sufficient that the cone intersect the trajectory for some meson 
momentum. 

The expression for AF becomes singular for a meson momentum of twice the threshold. 
However, this corresponds to the maximum decay angle when the meson momentum is twice 
the threshold. Linearization obviously is not a good approximation at this meson momentum. 
As we shall see below, for a given neutrino energy the contribution from this portion of the 
meson momentum range is unimportant. 
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If we now examine figure 4, we see that the meson cross section is falling rapidly with 
longitudinal momentum. The invariant differential cross section can be parameterized as be- 
ing proportional to (1 - z)“, where + is the fraction that the meson longitudinal momentum 
constitutes of the original proton momentum and n is an index which depends on the type 
of meson. The values from reference [l] are given in the following table: 

7r+ 3.4 

K+ 2.6 
- 4.4 

f;- 4.6 

Geometry matters little in selecting the meson momentum contributing most strongly 
to a given neutrino energy. However, meson production dynamics matters a great deal. 
The mesons are produced most copiously just above the threshold for the neutrino energy. 
Therefore, in our discussion of focussing devices, our design goal will be to point the meson 
trajectories at the detector. 

Focusine: Devices 

A neutrino horn [2] [3] is shown in figure 5. It is constructed from a thin sheet of copper 
which is wrapped into a tube of varying diameter. The tube is of smallest diameter near the 
longitudinal midpoint, and is significantly larger at both ends. It is therefore a rotationally 
symmetric device with the axis of symmetry along the axis of the decay pipe. A focusing 
system may have one, two, or three horns. The production target for the mesons is on the 
same axis. It is often located just before the entrance to the first horn of the system. 

An electrical current is passed longitudinally through the horn. This creates a magnetic 
field whose field lines are along circles whose centers are along the horn axis and are perpen- 
dicular to the horn axis. The strength of the field B is given in terms of the horn current I 

br: 

The field strength is then inversely proportional to the distance T from the axis of the horn. 

The magnetic field is contained entirely outside of the inner surface of the copper sheet 
comprising the horn. Mesons passing through the neck of the horn experience no field. The 
particles enter the field by penetrating through the copper sheet at the front of the horn. 
They are then focused by the field of the horn and subsequently pass through the copper 
once more in exiting through the back of the horn. 

Some of the mesons will be stopped by nuclear interactions in the horn. The copper 
must therefore be kept as thin as possible. However, the thinness of the copper exacerbates 
any heating problem since a large current density is necessary to create a magnetic field of 
a given strength. Horns are therefore operated in pulsed mode. A current of a few tenths 
of a megamp is typically passed through the horn for a few hundred microseconds. The 

5 



accelerator must then operate in a mode where large numbers of protons are extracted in a 
similar time period. 

In the previous section we discussed the fact that the production of mesons is limited 
in transverse momentum in a manner that was relatively independent of longitudinal mo- 
mentum. This dynamical situation has the result that the peak production of mesons of 
different momenta occurs at different angles. The smaller the momentum of the meson the 
larger the angle of peak production. Different regions of the horn can then be designed to 
focus different momenta. The horn is a broad-banded device, designed to maximize the flux 
over a large range. 

Horns are designed with a certain degree of trial and error. The entrance and exit surfaces 
can be contoured so that the focusing is point to parallel throughout the horn, where each 
momentum is focused at its maximum production angle. Since any neutrino detector is 
much larger in diameter than either the horn or the decay pipe, point to parallel focusing is 
essentially the same as point to point. 

When two or more horns are used, their focusing characteristics are somewhat indepen- 
dent. The hole in the second horn will be larger than that in the first horn. However the 
second horn is sufficiently far from the target that the solid angle subtended by the hole is 
significantly smaller for the second horn. The first horn focuses particles through the hole of 
the second horn. The second horn then focuses particles which passed through the hole of 
the first horn. If a third horn is used, the process is simply extended. Once again, the final 
design is often arrived at by trial and error. Some trajectories inevitably pass through two 
or more horns. 

A Quadrupole Triplet 

Experiments involving wire chambers and studying coincidences or doing event recon- 
struction will need to have events well separated in time. Under such circumstances it is 
necessary to have the particles removed from the accelerator and transported to the produc- 
tion target in a time period of several seconds. 

Since the horn is a pulsed device, it would not be suitable to a long spill situation. For 
this reason conventional quadrupole triplet [4] 1s used. A triplet configuration which has 
been used at Fermilab [5] is shown in figure 6. 

The triplet is focused point to parallel [6] for 300 GeV mesons. Because of chromatic 
aberration, the triplet cannot be as broad banded a device as the horn. Because of aperture 
limitations, the flux even at a given momentum cannot be as great. However, the number of 
experiments at Fermilab demanding a long spill beam is sufficiently great that the quadrupole 
triplet has received much use. 

A Dichromatic Beam 

For some experiments it is desirable to know the neutrino energy. Since 1973 [7] it has 
been known that neutrinos can interact via two mechanisms, known as “charged current” 
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and “neutral current.” In a charged current interaction, the incident neutrino exchanges a 
W particle (which is charged) with a nucleon and transforms itself into a muon. The muon is 
charged and its energy can be determined by magnetic deflection. The energy of the hadronic 
products of the reaction can be determined by calorimetry. Knowledge of the neutrino energy 
can add to the certitude of the measurements, but is not a missing ingredient. 

The neutral current interactions occur via the exchange of a neutral particle with the 
designation 2”. The neutrino then is not transformed to a charged lepton but remains as a 
neutrino, although with some energy loss. The neutrino is then lost as the chances that it 
will interact again in the experimental apparatus are very slim indeed. Other means must 
be used to estimate the incident neutrino energy. 

In ordinary charged particle optics [4], a magnetic channel can be designed to select a 
single momentum. Bending magnets, quadrupoles, and slits are arranged so that the particles 
emerging from the end of the beam line have a small spread about the selected momentum. 

In neutrino optics the same selection can be made on the meson momentum. However 
the energy of the neutrinos produced in the forward direction will depend on the type of 
meson. As noted above, the neutrinos will have 42.9 % of the meson energy for pions and 
95.4 % for kaons. The result is then a dichromatic beam, with two energy peaks. 

A diagram of the Fermilab dichromatic neutrino beam [S] [9] is shown in figures 7 and 
8. The quadrupoles focus the beam from point to parallel in both transverse planes. The 
first set of bends deflects the beam horizontally, while the second set deflects it vertically. 
Since the detector is large, the beam does not need to be recombined in position, but only 
in angle. The two sets of bends therefore do not need to bend in the same plane. 

In fact it is imperative that the two sets of bends bend in different planes. Neutrinos will 
be produced by the mesons at all points along their trajectories. This includes the part of the 
trajectory within the magnetic channel. The neutrinos are not constrained by the apertures 
of the magnetic channel. If the beam at any intermediate point is pointed at the detector, 
there is a substantial increase in the background, thus compromising the dichromatic nature 
of the beam. In the Fermilab dichromatic neutrino beam design, the background is minimized 
by having the beam not point at the detector except at the downstream end. 

Flux Calculations 

A calculation of the flux must include both the desired particles and the background. 
Since the neutrinos pass right through the iron of the magnets or the copper of the magnet 
coils or the horns we must consider the decay of mesons anywhere it might occur. The 
neutrinos can be produced before the focusing system, inside it, or after the focusing system 
inside the decay tunnel. We must follow the meson trajectories from their origin in the target 
until they are stopped by hitting an aperture in the focusing system, or the side or end of 
the decay pipe. 

The mesons are produced over an energy range that can be quite broad. At Fermilab, we 
frequently consider meson momentum ranges from zero to 900 GeV/c. The angular range 
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may be as small as 8 milliradians for high energy neutrino calculation, or as large as 50 
milliradians for lower energy. To calculate the flux, we must cover the entire range in both 
momentum and production angle. 

At each combination of momentum and angle, we must trace a representative trajectory 
through the focusing system and down the decay pipe. We must consider the possibility of 
decay at any point along the meson trajectory. When the meson decays, the neutrino energy 
may vary from zero up to a factor T, explained above, times the meson momentum. For a 
given meson momentum p, each neutrino energy E, will correspond to a certain decay angle 
4, as given in equation (3). The azimuthal angle can also vary over a range of 360”. 

The detector can be quite far away from the place where the decays occur. The berm at 
Fermilab is one kilometer long. However in figure 9 we see another proposed situation where 
the detector is quite removed from the source of neutrinos. Such a layout is used to search 
for neutrino oscillations, which, in theory, will occur should one or more of the three types 
of neutrino has a nonsero mass. 

If we look at figure 10, we see the functional dependence of the decay angle 4 on meson 
momentum p for a fixed neutrino energy E,. Because the expression for 4 involves a square 
root, the derivative of 4 with respect to p becomes infinite as the threshold value of p is 
approached from above. At this point the value of 4 is varying very rapidly. Any calculation 
based on stepping through the various kinematic variables could easily miss this region and 
therefore badly misestimate the neutrino flux. 

Because of the dimensions involved in the physical layout and the rapid variation of 
kinematic variables, traditional approaches to the problem of flux calculation based on either 
a fixed scheme of division of the ranges of the various variables or on Monte Carlo are not of 
much use. Attempts to use such methods give results where the results calculated may be 
unreliable by several factors of ten. Instead we must resort to a different approach. 

We begin by forming a grid in the space of production momentum and angle. The total 
momentum interval is divided into a number of bins m, each of width Ap. The total angle 
interval is divided into a number of bins n, each of width A6’. In the two kinematic variables, 
we then have a total of mn bins of area ApA0. 

If the production target, focusing system, and decay pipe form a rotationally symmetric 
system, then the azimuthal angle for the production is ignored as being irrelevant. If the 
system is not rotationally symmetric, we divide the azumuthal angle 1c, into intervals also. We 
consider a single quadrant, two quadrants, or all four quadrants depending on the symmetry 
of the beam line. 

We step over the production kinematic variables, selecting the values in the bin center as 
the starting variables for a meson trajectory. The trajectory is traced through the focusing 
system and down the decay pipe until it is stopped. The trajectory can be stopped by some 
aperture within the focusing system, or by the side or the end of the decay pipe. 

The tracing of the trajectory through the horn is done by a simple numerical integration. 
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The horn is specified as being bounded by a succesion of joined line segments. The shape is 
not analytically regular, so no sophisticated numerical integration scheme would be appro- 
priate. The ray tracing through a system of quadrupoles and bending magnets is done via 
standard methods described elsewhere [lo]. 

The trajectory is segmented longitudinally at regular intervals and at the transition into 
and out of any magnetic element. The number of mesons which decay in each longitudinal 
segment is calculated and the decay point is taken at the longitudinal midpoint of the 
segment. 

At this point, the straightforward method would be to calculate the decay angle 4 from 
the momentum p at the bin center. From that one could calculate the fraction of the decay 
cone which intersects the detector. This fraction would be taken as equal to the fraction of 
the neutrinos which hit the detector and are produced by decays in the given longitudinal 
segment of the meson trajectory. However, since the decay angle 4 is so rapidly increasing 
at threshold for a given neutrino energy Ev, an accurate calculation would require extremely 
fine binning for the meson momentum. 

Instead we take the meson momentum p as being fixed at the bin center only for purposes 
of tracing the particle trajectory. For calculating the decay geometry, we now take the meson 
momentum to represent the momentum interval Ap over the entire bin. We hold the position 
and direction of the meson as fixed and consider what happens as the momentum is varied 
over Ap. 

If the threshold is in the bin, the decay angle will not be defined for the momentum below 
threshold. After threshold is reached 4 will increase rapidly, and reach maximum at twice 
threshold. After maximum, 4 will decrease slowly. 

In figures 11, 12, and 13, we see the various possibilities for the relative positions of the 
detector and the projection of the decay angle 4 on the detector plane, in the case when the 
projected meson direction is inside the detector. The angle subtended by the detector radius 
is designated as b, and the angle separating the centers of the two circles is a. 

If the maximum value of 4 is less than s - b, the neutrino decay cone will be entirely 
contained within the detector as seen in figure 11. If the maximum value of #J is between 
s - b and a + b, then the neutrino cone will again initially be contained entirely within the 
detector. As the momentum p increases in value the cone will grow until it intersects the 
detector only partially as seen in figure 12. After its maximum, the cone will begin to shrink 
end eventually be again entirely contained within the detector. 

If the maximum value of 4 is larger than s + b, the angle 4 will again initially expand and 
pass through the two stages described above. Eventually it will grow sufficiently large so 
that none of the decay cone is contained in the detector as seen in figure 13. After maximum, 
4 will again decrease and eventually the cone will again be entirely within the detector. 

The fraction of the decay cone intersecting the detector as a function of momentum is 
shown in figure 14. Only the portion of the function from the increase in C$ is shown. The 
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fraction is equal to unity until the angle I$ becomes large enough so that the decay cone 
touches the perimeter of the detector. It then rapidly decreases, becoming zero when the 
opposite side of the cone becomes tangent to the perimeter of the detector. The part from 
the decreasing portion of 4 occurs sufficiently slowly that it does not appear on the graph 
with the scale used. 

In figures 15, 16, and 17, we see the various possibilities for the relative positions of the 
detector and the neutrino cone in the case where the projected meson direction is outside 
the detector. Now the value of s is smaller than b. 

If the maximum value of C$ is less than b - s, the neutrino decay cone will have no 
intersection with the detector as seen in figure 15. If the maximum value of CJ~ lies between 
b - s and b + 8, then the neutrino cone will still initially lie entirely outside the detector. 
As the momentum p is increased, the cone will expand so that it intersects the detector as 
seen in figure 16. At no point will the cone be entirely within the detector. At most it can 
approach being half contained within the detector. After its maximum value 4 will decrease 
and eventually again have no intersection with the detector. 

If the maximum value of 4 is larger than s + b, then the cone will again initially be outside 
the detector. It will expand to have an intersection with the detector as seen in figure 15. 
As p is increased, the cone will continue to expand until it contains the detector but has no 
intersection with it as seen in figure 17. From the maximum value, 4 will decrease, so that 
the cone once again intersects the detector, and finally becomes small enough so that there 
is no intersection. 

The fraction of the decay cone intersecting the detector as a function of momentum for 
this case is shown in figure 18. Only the portion of the function from the increase in 4 is 
shown. The fraction is equal to zero until the angle C$ becomes large enough so that the 
decay cone touches the perimeter of the detector. It then rapidly increases to a maximum 
and subsequently decreases to zero. Once again, the portion of the graph where the angle 4 
is decreasing is omitted. 

In the behavior, described above, of the decay angle 4 with momentum p, we can define 
certain critical momenta. These critical momenta all occur in the region of p where 4 is 
increasing. If the center of the decay cone lies within the detector, then the critical points 
occur at threshold E”/T, when the cone first touches the detector perimeter, and when it 
last touches the same perimeter. If the center of the cone lies outside the detector, then 
in addition to these three critical points, we include the momentum at which the fraction 
of the cone intersecting the detector is maximized. In the momentum region above where 
the maximum of 4 occurs, the variation of r$ with momentum is sufficiently slow that no 
subidivision of the momentum bin Ap is necessary. 

If any of these critical momenta lie within the momentum interval Ap, then that mo- 
mentum interval is subdivided by the critical momenta. The angle 4 is calculated from 
the momentum p at the midpoint of each subinterval. From this value of c$, the fraction 
of the cone intersecting the detector is calculated and multiplied by the fraction that the 
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subinterval comprises of the entire interval Ap. Since the production spectrum varies with 
momentum p, adjustments are made for such variation. The contributions from the various 
subintervals are summed to obtain the contributions for the entire interval Ap. The process 
is repeated for each neutrino energy E, at which the flux is to be calculated. 

If the focusing system contains bending magnets and we are considering a high-energy 
beam, then the effect of meson direction on neutrino direction may be greater than the effect 
of the variation of the decay angle 4 with momentum p. In such a case, we calculate the 
decay angle 4 from the center of the momentum bin Ap. We calculate certain critical angles 
as the meson passes through the bending magnet, thereby causing the decay cone to sweep 
across the detector plane. The contributions to the flux are calculated in a manner similar 
to what is described above. 

The contributions from the longitudinal segments are then added to obtain the contri- 
bution to the neutrino flux through the detector for the entire trajectory. If the target and 
focusing system configuration is not rotationally symmetric, the azimuthal bins are summed 
to obtain the result for a single ApAB bin. The contribution for the ApA bin is multiplied 
by the meson production spectrum. The results are summed over all bins to obtain the total 
flux. Runs can be made for both pions and kaons, and the results summed. The neutrino 
flux plotted as a function of neutrino energy is shown in figure 19. The system used to 
calculate the flux is the dichromatic beam described above. In general, from comparisons 
with other methods in simple cases, and consistency checks, the accuracy of the calculation 
has been found to be on the order of 10 % Making the grid of kinematic variables more 
refined will, of course, produce greater accuracy. 

The energy resolution is not as bad as it appears to be in the graph. The higher energy 
neutrinos involve smaller decay angles. Therefore, the neutrino energy will be strongly 
related to transverse position in the detector. Neutrinos from pions and kaons will separate 
into two bands in a plot of detector radius vs neutrino energy. An illustration of the scattering 
of neutrino events can be seen in figure 20. The pion and kaon populations are clearly 
separated. If, for example, a neutral current event shows a hadron energy greater than 400 
GeV, then the neutrino initiating the event came from kaon decay. From the transverse 
position of the interaction in the detector the incident neutrino can be estimated to greater 
accuracy than just from the distribution in figure 18. The more accurate neutrino energy 
estimate can then be used in the analysis of neutrino physics. 
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9. The proposed layout of the facility for detecting neutrino oscillations. The detector 
is quite removed from the source. The curved object at the bottom of the figure 
represents the surface of the earth. 
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